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ABSTRACT
We use a complete sample of active galactic nuclei (AGN) selected on the basis of
relativistically beamed 15 GHz radio flux density (MOJAVE: Monitoring of Jets in AGN
with VLBA Experiments) to derive the parent radio luminosity function (RLF) of radio-
loud blazars. We use a maximum likelihood method to fit a beamed RLF to the observed
data and thereby recover the parameters of the intrinsic RLF. We obtain a good fit to
the observed data (consisting of 97 radio-loud quasars, 22 BL Lacs and 3 FR II radio
galaxies) using a single power law intrinsic RLF with index α = −2.553+0.005−0.007 and a pure





with m = 0.92+0.06−0.08,
z0 = 1.40
+0.03
−0.03, and σ = 0.64
+0.01
−0.01. We find that an apparent break in the observed
MOJAVE RLF arises from binning across a steep and strongly evolving RLF, and
does not reflect an intrinsic property of the RLF. The estimated space density of the
parent population of the MOJAVE sample (with L15GHz ≥ 1.3 × 10
25 WHz−1) is
1700±400 Gpc−3, in reasonable agreement with previous estimates of the space density
of FR II radio galaxies.
Subject headings: galaxies : luminosity function, mass function — galaxies : evolution
— galaxies : active — quasars : general — BL Lacertae objects : general —
1. Introduction
The radio luminosity function (RLF) of active galactic nuclei (AGN) and its redshift de-
pendence are important quantities in understanding the physics of AGN and their cosmological
evolution. In the case of AGN selected on the basis of relativistic emission (i.e., blazars), it can
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also provide information about the parent population from which an observed sample is drawn. A
parameterized luminosity function (LF) can also be useful for producing Monte Carlo simulations of
populations to compare with statistical properties of observed AGN (e.g., Lister & Marscher 1997)
as well as to study those properties of AGN that are difficult to observe directly. The intrinsic RLF
can also be useful for predicting the number of γ-ray blazars to be observed by future surveys (e.g.,
GLAST; also see Lister & Marscher 1999) as well as for determining how rare individual blazars
are in the general AGN population.
According to contemporary AGN unification schemes (see review by Urry & Padovani 1995),
various observed classes of AGN (e.g., radio galaxies, quasars, and BL Lacs) can be the result of
different orientations of essentially the same type of object. One can test unification schemes using
statistical approaches. For example, if BL Lac objects are highly beamed versions of lower power
radio galaxies, then the number of BL Lacs should be much smaller then the number of parent radio
galaxies, because BL Lacs are oriented at a small angle to the line of sight. Previously, Urry et al.
(1991a), Padovani & Urry (1992), and Urry & Padovani (1995) applied relativistic beaming correc-
tions (e.g., Cohen et al. 2006) to the RLF of high power radio galaxies and found it to be compatible
with the observed RLF of a sample of flat-spectrum, radio-loud quasars. Jackson & Wall (1999)
proposed a dual-population unified scheme in which (a) the high-power FR II radio galaxies are
the parents of all radio quasars and some BL Lac-type objects, and (b) moderate-power FR I radio
galaxies are the parents of BL Lac-type objects. They tested this model by beaming (using Monte
Carlo simulations with a single bulk Lorentz factor) the low-frequency radio data and comparing
them with high-frequency radio data.
The MOJAVE AGN sample (Lister & Homan 2005) is the first large, radio-selected AGN sam-
ple for which jet kinematic and apparent superluminal speed information are available (Kellermann et. al
2004; Lister et al. 2007, in preparation). It is complete with respect to relativistically beamed jet
emission, and therefore provides a unique opportunity to learn about the intrinsic (parent) RLF
of blazars. The determination of the intrinsic (non-beamed) RLF is complicated, however, by rel-
ativistic beaming and selection effects. The radio emission from an AGN is highly enhanced by
Doppler boosting if its jet is relativistic and aligned close to the line of sight. A flux density-
limited sample of AGN will therefore contain not only sources with high intrinsic luminosity, but
also sources with lower intrinsic luminosities whose flux densities are Doppler boosted because of
their orientation. The effect of Doppler beaming on the observed RLF was first calculated for
single Lorentz factors (Urry & Shafer 1984) and later extended for distributions of Lorentz fac-
tors (Urry & Padovani 1991b). Lister (2003) extended these studies by deriving fully analytical
expressions for the Doppler factor distributions and beamed RLF.
In this paper we use the maximum likelihood method to fit a beamed RLF to the observed
data, from which we recover the RLF parameters of the parent population of the MOJAVE sample.
The outline of the paper is as follows: In § 2 we describe the observational sample and our
method for dealing with incomplete redshift information. In § 3.1 we describe our parameterization
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of the RLF, and in § 3.2 we describe the method used to find the optimized model parameters
and constraints on the fits. We present the results of the model fitting in § 4 and summarize our
findings in § 5.
Throughout this paper we assume a cosmology with Ωm = 0.3, ΩΛ = 0.7, Ωr = 0 and H0 =
70 km s−1 Mpc−1. All luminosities are quoted as monochromatic luminosities at specific frequency
ν. We also adopt the following convention for the spectral index, αrad: Sν ∝ ν
αrad and assume
αrad = 0 throughout.
2. Observational Data
2.1. Sample Description
The MOJAVE AGN sample (Lister & Homan 2005) consists of all 133 known bright AGN
with galactic latitude |b| > 2.5◦, J2000.0 declination greater than −20◦, and compact (VLBA1)
flux density exceeding 1.5 Jy at 15 GHz (2 Jy for sources with δ < 0) at any epoch between 1994–
2003. The sample is selected on the basis of beamed jet emission only. The contribution from the
large-scale radio emission is effectively excluded by using the milliarcsecond scale (VLBA) 15 GHz
flux density, since the former tends to be diffuse and has a steep radio spectrum.
According to the dual-population scheme of Jackson & Wall (1999), FR II radio galaxies are the
misaligned parents of flat-spectrum quasars and some BL Lacs. We adopt this unification model
and exclude 7 GPS sources (J0555+3948, J0646+4451, J0745+1011, J1800+3848, J2011−1546,
J2136+0041 and J2022+6136) and 4 FR I galaxies (J0241−0815, J0319+4130, J0433+0521 and
J1230+1223) from the sample because they may belong to a different parent population and exhibit
a different evolution from the rest of the sources. Thus, the sample size used in this paper is
N = 122, and contains 3 FR II radio galaxies, 22 BL Lacs and 97 quasars. The sky area covered
is 6.00912 sr for the northern sky and 2.08012 sr for the southern sky. Redshifts are available from
NED for all but 12 sources (7 BL Lacs and 5 quasars).
In Figure 1 we show the luminosity-redshift distribution of sample based on the data in
Lister & Homan (2005), as well as the flux density cutoffs corresponding to the northern and
southern sky regions. The smallest and largest observed luminosities in our sample are Lobsmin ≈
1.19 × 1025 WHz−1 and Lobsmax ≈ 8.13 × 10
28 WHz−1, and the redshifts range from zmin = 0.0491
to zmax = 2.427.
1The Very Long Baseline Array is operated by the National Radio Astronomy Observatory, which is a facility of
the National Science Foundation operated under cooperative agreement by Associated Universities, Inc.
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Sources with available redshifts
Fig. 1.— The L − z distribution of the MOJAVE sample (only 110 of 122 sources with known
redshifts are plotted with diamond symbols). The solid line corresponds to the 1.5 Jy flux density
cutoff for the sources with positive J2000 declinations and the dashed line corresponds to the 2 Jy
flux density cutoff for the sources with negative declinations.
2.2. Missing Redshifts
Despite considerable observational effort, the redshift information on the MOJAVE sample is
currently incomplete, because of the featureless optical spectra of several blazars. We address this
problem by building a pool of redshifts from sources which have known redshifts and flux densities
within 0.15 Jy of the source with the unknown redshift. We then randomly select a redshift from
the created pool of redshifts to be used as the redshift for that source. Alternatively, one could
randomly select redshifts from the entire pool of 110 sources, however, we chose the former method
because of the large range of luminosity and redshift spanned by the sample. In the discussion that
follows, we use many realizations of the randomized redshifts to determine the statistical errors on
our best fit model parameters.
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3. Method
3.1. Parameterized Luminosity Function
The differential luminosity function of a population of objects is defined as the number of





where N is the number of objects of luminosity L found in the co-moving volume V at red-
shift z. Studies of flux-limited AGN samples using the < V/Vmax > test, including MOJAVE
(Arshakian et al. 2003), indicate that the RLF generally evolves with redshift. Without losing
generality, we can write the RLF as
φ(L, z) = φ0(L)fev(L, z) (2)
where φ0(L) is the local (z ≃ 0) RLF and fev(L, z) is the evolution function.
For the intrinsic RLF, we adopt a parameterization in which the local RLF is a simple power










, L1 < L < L2,
0, elsewhere,
(3)
where L∗ is an arbitrary constant with units of luminosity and n0 is a normalization constant. In
this paper we will use L∗ = 10
27 WHz−1.
Traditionally, the evolution (in the simplest cases taken to be luminosity-independent) has
been parameterized in two popular forms: a power-law evolution of the form (1 + z)k, or an
exponential evolution of the form exp[k τ(z)] where τ(z) is the look-back time. Other studies (e.g.,
Willott et al. 1998) have used 1- or 2-tailed Gaussian redshift dependencies. We were not able to
successfully fit the MOJAVE data using these parameterizations. In particular, in several cases
such parameterizations predicted large spike in the number of low-redshift sources which is not
found in the MOJAVE data. Instead, we found that a good fit to the data could be obtained using
the following luminosity-independent density evolution function:











where m, z0 and σ are free parameters of the model. Note that this function does not reduce to
fD(z) = 1 at z = 0; we therefore assume that the model evolution function is valid for a range of



















which is valid over the domain
L1 < L < L2 and z1 < z < z2. (6)
Because the luminous jet material is moving with a speed comparable to c (bulk Lorentz factor
γ >> 1), its observed monochromatic luminosity will be boosted as
L = δpL, (7)
where L is the luminosity in the rest frame, p = 2 − αrad for continuous jet emission, αrad is the





γ2 − 1 cos θ
)−1
. (8)
If the viewing angle to the jet lies within the range 0◦ ≤ θ ≤ 90◦ and γ1 ≤ γ ≤ γ2, then the possible
Doppler factors range from
δmin = 1/γ2 (9)
to
δmax = γ2 +
√
γ22 − 1 . (10)
If the intrinsic luminosity L is Doppler boosted as in equation (7) then the distribution of
the observed luminosities L will be different from the distribution of the intrinsic luminosities.
Following the approach used by Lister (2003), we derive the form of the observed RLF of the













This model function is valid over the domain




































where Pγ(γ) is the probability density function for γ and the lower limit of integration is given in
equation (A6) of Lister (2003). We adopt a power-law form of Pγ(γ) with index k:
Pγ(γ) = Cγ
k (18)
for γ1 < γ < γ2, where C is a normalization constant.































3.2. Maximum Likelihood Method
From equation (11) it is apparent that the model parameters (α,m, z0, σ) of the Doppler
beamed RLF are the same as the parameters of the intrinsic RLF. Therefore, we can find the
parameters of the intrinsic RLF by fitting the Doppler-beamed RLF to the observed data. For
this purpose we use the maximum likelihood method of Marshall et al. (1983), which attempts to
minimize the function S = −2 ln(Likelihood). The integral in S (eq. 2 of Marshall et al. 1983)
should be equal to the sample size N for a good fit. Therefore, we minimize
S(α,m, z0, σ) = −2
N∑
i=1
ln [Φ(Li, zi)] + 2N (20)

























where N is the sample size, f+Ω ≈ 6.00912/4pi and f
−
Ω ≈ 2.08012/4pi are the fractional area of the
sky available to the survey (in this section the “+” superscript refers to the northern sky area while
the “−” superscript refers to the southern sky area: 0◦ < δ ≤ −20◦). In equation (21) we take
into account that in the MOJAVE sample we have two different non-overlapping sky areas, each
with its own flux density limit: S+min = 1.5 Jy and S
−














where DL(z) is the luminosity distance. To minimize S(α,m, z0, σ) we use the “amoeba” algorithm
from Press et al. (1992).
Other parameters of the model, such as the redshift limits (z1 and z2), luminosity limits (L1
and L2), power law exponent k of the Lorentz factor distribution (eq. 18) and its range of possible
values [γ1, γ2] are taken as fixed a-priori, and are not included in the set of optimized parameters.
Some of these parameters (e.g., L1 and k) are poorly constrained (for reasons explained at the end
of this section), while others can be estimated from the data directly, as follows.
Given the naturally broad redshift range of the data (zmin = 0.0491 and zmax = 2.427), we
extend this range slightly and set
z1 = 0.04 and z2 = 3 (23)
so as to allow more freedom in the optimization procedure, as well as not to exclude some possible
objects at higher redshifts.
For the parent Lorentz factor distribution, we consider a minimum speed βmin = 0.5c, since the
MOJAVE sample contains powerful AGN with highly core-dominated radio structures (Cooper & Lister
2007) and superluminal jets (Kellermann et. al 2004). Using recent observational data, Cohen et al.
(2006) find that for the MOJAVE sample, γmax ≈ 32. Lister & Marscher (1997) find, using Monte
Carlo simulations, that a power-law exponent of the Lorentz factor distribution in the range
−1.5 . k . −1.75 provide a reasonable fit to the CJ-F survey (Taylor et al. 1996), a compa-
rable radio-loud blazar sample. In this paper we consider the following range of possible Lorentz
factors and the exponent k:
γ1 = 1.1547, γ2 = 32 and k = −1.5. (24)
We can estimate the lower and upper limits for the intrinsic luminosity as follows. First, from
equations (9), (10) and (24) we obtain
δmin = 1/γ2 = 0.031 and δmax = γ2 +
√
γ22 − 1 ≈ 64
and we can apply the equation (7) to the observed luminosity range in our sample: Lobsmin ≈ 1.19×
1025 WHz−1 and Lobsmax ≈ 8.13 × 10







min and we obtain L1 ≈ 3.31× 10
21 WHz−1 and L2 ≈ 8.33× 10
31 WHz−1.
In reality, there is a very low probability of having such extreme values in the MOJAVE sample
(see, e.g., Cohen et al. 2006). To fine tune this range, we initially fit the data using the values given
above. We used the parameters of the resulting fitted RLF to produce a large population of sources
via Monte Carlo simulations. We examined the intrinsic luminosity distribution of a simulated
flux-limited sample to see if many sources had intrinsic luminosities near the value of L1. If all
sources were well above this value, we adjusted L1 upward incrementally until we until we obtained
a tight fit of the simulated distribution of the intrinsic luminosities to the initial range used in that
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particular step. A similar procedure was applied for the upper limit L2. In this manner we found
that
L1 = 10
22.8 ≈ 6.31 × 1022 WHz−1 (25)
and
L2 = 10
27.5 ≈ 3.16 × 1027 WHz−1 (26)
provided a good fit to the simulated intrinsic luminosity histogram.
Substituting the above range of intrinsic luminosities into equations (13) and (14), we obtain
a theoretical range for the observed luminosities: L1 ≈ 6.16 × 10
19 WHz−1 and L2 ≈ 1.29 ×
1031 WHz−1. This range is much larger than the observed range of luminosities in the MOJAVE
sample (see Lobsmin and L
obs
max above). Because the model RLF is not well determined outside the
observed luminosity range, we adopt a conservative approach and adopt the following validity range
for the luminosities of the observed (beamed) RLF: L1 = 10
25 WHz−1 and L2 = 10
29 WHz−1.
Using the values of L1 and L2 from equations (25) and (26), we find that the MOJAVE cutoff
luminosities are too high for us to observe some important features of the RLF. For example,
from Fig. 3 of Lister (2003) it is evident that we would need to see below the luminosity L4 ≈
2.58× 1026 WHz−1 (see Lister 2003, eq. 9) to probe the region of the RLF that is most susceptible
to the changes in values of the lower luminosity L1 of the parent population and power-law index
k. But in our sample we have too few sources with L < L4. For these reasons we chose to estimate
some parameters of the model from the data as described above, and not to include them in the
set of optimized parameters.
4. Results
4.1. Model Parameters
Using our adopted form of density evolution (eq. 4) and parameters from equations (23), (24),
(25) and (26), we minimized the quantity S(α,m, z0, σ) for 1000 randomizations of missing redshifts
as described in § 2.2. For each fitted parameter, we took the median of the distribution as the best
fit value of the respective parameter. We obtained an estimation of the error in the parameter due
to missing redshift information at the level of 1σ from the values of the parameters for which the
fractional cumulative distribution function was equal to either 0.683 or 0.317. The best fit values of
the model RLF thus obtained are presented in Table 1. We calculated the normalization constant
n0 and parent population K using the best fit values for the model parameters α,m, z0, σ so that
the equation (20) gave the sample size N = 122. The errors on n0 and K were also calculated using
their cumulative distribution functions as described above. Table 1 also lists the median value of
the Kolmogorov-Smirnov probability from the Monte Carlo realizations. These ranged from 0.33
to 0.96, where values above 0.9 are considered acceptable fits.
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The median of average space densities (for L > 1.3 × 1025 WHz−1) computed for 1000 ran-
domizations of the unknown redshifts is ≈ 1750 Gpc−3 (with a range 1300 – 2264 Gpc−3). This
is about 7 times larger than the value of Padovani & Urry (1992), which is 265 Gpc−3 when con-
verted to our cosmology. We also repeated our fitting procedure after excluding the BL Lacs, and
found negligible differences in the best-fit RLF parameters. Although the number of BL Lacs in the
MOJAVE sample is too small (N = 22) to rule out the possibility that BL Lacs are generally drawn
from a different parent population (e.g., Urry & Padovani 1995), we find that the properties of the
brightest radio loud blazars are consistent with being drawn from a single, FR II parent population.
Other authors (e.g., Jackson & Wall 1999; Rector & Stocke 2001) have also found evidence that
some BL Lacs are counterparts of powerful FR II radio galaxies.
In Figure 2 we present the integral source counts N(> S) per unit of solid angle for the
observed data, and as predicted by our fitted RLF after it is beamed. The 1σ error bars in this
and subsequent figures are computed according to Poisson statistics using the method of Gehrels
(1986).
4.2. Redshift Distribution
In Figure 3 we plot the binned redshift distribution and the associated 1σ error bars for the
MOJAVE sample (with the missing redshifts replaced with the averages of the “redshift pools” as
described in § 2.2). The solid line represents the predicted redshift distribution for our best fit
model, while the faint gray lines show the distributions for the 1000 randomizations of the missing
redshifts. We can see that while the missing redshift information creates a tangible uncertainty in
the redshift distribution, we obtain a reasonably good overall fit to the data.






































Fig. 2.— Integral source count of the MOJAVE sample N(> S) per unit of solid angle.


















Fig. 3.— Plot of model redshift distributions for each redshift randomization (thin light gray lines),
best fit model distribution (thick black line) and the observed redshift distribution of the MOJAVE
sample (filled circles with error bars corresponding to 1σ confidence level).
– 12 –
4.3. Radio Luminosity Function
We use the method of Page & Carrera (2000) to construct the observed luminosity function.
In this method, we compute the value of the RLF in a bin with a luminosity interval Lmin and


















where N is the number of objects in the bin and δN its uncertainty. Lmin(z) is the minimum
luminosity within the bin at which we can still detect an object. In equations (27) and (28) we
have switched the order of integration compared to the original formulation of Page & Carrera
(2000).
We use these same equations to compute the binned (i.e., averaged over a luminosity-redshift
bin) model RLF. We believe this is the most robust way to compare the observed and model RLF
when binning is involved. We use equations (21) to compute the effective “number of sources” N
in the luminosity-redshift bin of interest (i.e., we replace z1, z2, L1 and L2 in eq. 21 with zmin,
zmin, Lmin and Lmax of the luminosity-redshift bin of interest).
The fitted and observed RLFs for the MOJAVE sample are presented in the Figure 4. It is
apparent that the averaged model RLF provides a good fit to the sample data. At first glance, it
would also appear that both the fitted and observed RLFs obey a broken power-law that steepens
at higher luminosities (as previously claimed by Arshakian et al. 2003) . However, we find that
this is an artifact of the binning method. While a Doppler beamed RLF can have different slopes
on some luminosity intervals (e.g., below and above L4; see Lister 2003), our differential model
RLF presented in the Figure 5 is in fact very close to a simple power law RLF with only a slight
flattening for L < L4.
Because of the large bins, the agreement between the binned RLF (Figure 4) and the differential
RLF (Figure 5) is apparent only at high luminosities. This can be improved by using smaller bin
sizes (at the expense of larger Poisson errors). For a steep RLF with strong evolution across a bin,
large bins can create apparent breaks in the observed RLFs when these bins intersect the luminosity
cutoff of the sample (see eq. 22) because the averages of RLFs computed over parts of the bins
above the luminosity cutoff will be very different from the averages computed over whole bins. In
addition, these “chopped” bins will not be evenly centered around the same redshifts as the whole
bins, and therefore, the average of the RLF computed over a ”chopped” bin should actually belong
to a RLF computed at a different cosmological epoch. We conclude that the double power-law that
we see in the observed RLF is, therefore, an artifact created by the effect of flux density cutoff on
steep power law of the intrinsic RLF combined with a strong evolution of the luminosity function
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observed LF for 0.04<z<0.7
observed LF for 0.7<z<1.4
observed LF for 1.4<z<2.6
averaged model LF
Fig. 4.— The observed binned RLF of the MOJAVE sample (filled circles and lines) and the binned
model RLF (open circles) for three redshift intervals: 0.04 < z < 0.7 (dotted line), 0.7 < z < 1.4
(dot-dashed line), and 1.4 < z < 2.6 (solid line). The RLF for the redshift interval 0.7 < z < 1.4
has been shifted upward by one unit and the RLF for the redshift interval 0.7 < z < 1.4 shifted
upward by three units for purposes of clarity. The luminosity bin width is ∆ log10 L = 0.5.





























Fig. 5.— Differential model RLF Φ(L, z) plotted over the validity range of observed luminosities,
and computed at the mid-points of the redshift intervals in Fig. 4: z = 0.37 (dotted line), z = 1.05
(dot-dashed line), and z = 2 (solid line).
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across a bin. This double power law is not a property of the intrinsic RLF of the MOJAVE sample
as Arshakian et al. (2003) concluded. In fact, we were able to obtain good model fit using a simple
power-law intrinsic RLF.
As we previously mentioned in § 3.2, the RLF depends most strongly on the lower luminosity
cutoff L1 and Lorentz factor distribution power-law index k at luminosities smaller than L4. At
larger luminosities it appears more like a featureless simple power-law, which is what is seen in
Figure 5. In fact, from mathematical considerations, the slope of the beamed RLF is expected
to be nearly identical to the slope of the un-beamed (intrinsic) RLF for luminosities between
L4 ≈ 2.58× 10
26 WHz−1 and L8 ≈ 10
28 WHz−1 (see Lister 2003; Urry et al. 1991a).
5. Conclusions
We have analyzed the redshift and flux density distributions of a complete sample of AGN
selected on the basis of relativistically beamed 15 GHz radio flux density (MOJAVE) to derive the
parent luminosity function of bright radio-loud blazars. We summarize our findings as follows:
1. We find that the observed MOJAVE RLF can be well-fit using a Doppler-boosted, single
power-law intrinsic RLF with slope α = −2.553+0.005−0.007, and a density evolution function of





, with parameters m = 0.92+0.06−0.08, z0 = 1.40
+0.03
−0.03, and
σ = 0.64+0.01−0.01. We assumed a power-law Lorentz factor distribution with the exponent
k = −1.5 and 1.1547 < γ < 32. Our model is valid over the range 0.04 < z < 3 in red-
shift, 1022.8 WHz−1 < L < 1027.5 WHz−1 in intrinsic luminosity, and 1025 WHz−1 < L <
1028 WHz−1 in observed luminosity.
2. We find a reasonable agreement between the average parent number density of our sample
(1700± 400 Mpc−3) and previous estimates of the space density of FR II radio galaxies (e.g.,
Padovani & Urry 1992). The removal of the BL Lacs from the sample has very little impact
on the parameters of the best fit model RLF. Together with the fact that we are able to
obtain a good fit to the observed RLF using a simple power-law intrinsic RLF, this supports
modified unification schemes in which powerful FR II radio galaxies can be parents of some
luminous BL Lac objects.
3. We have shown that the double power-law shape of the observed (i.e., beamed) MOJAVE
RLF is an artifact due to large changes of the evolving RLF across a bin and its interaction
with the lower luminosity cutoff of the survey, and that it does not reflect a property of the
intrinsic RLF.
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A. Representation of Pδ (δ) using incomplete beta-functions
In order to avoid direct numerical integration, it is convenient to express the Pδ (δ) through
the beta-functions and then use the continued-fraction representation (see Press et al. 1992) for
fast computation of the integral.
If
Pγ (γ) = Cγ
k
then











dγ ≡ Cδ−2G (k, f (δ) , γ2) (A1)
where we have defined






Making the substitution t ≡ γ2, this integral can be rewritten as:














































B (z, a, b) ≡
∫ z
0
ta−1 (t− 1)b−1 dt
is the incomplete beta function defined for 0 ≤ z ≤ 1, a > 0 and b > 0. In our problem z2 > z1 ≥ 1
and therefore we represent the beta function through the hyper-geometric function
B (z, a, b) = a−1za 2F1 (a, 1− b, a+ 1; z) (A4)
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and continue it analytically into the region |z| > 1 using the formula (see Landau & Lifshitz 1989,
eq. (e.6)):
2F1 (α, β, γ; z) =
Γ (γ) Γ (β − α)
Γ (β) Γ (γ − α)
(−z)−α 2F1
(






Γ (γ) Γ (α− β)
Γ (α) Γ (γ − β)
(−z)−β 2F1
(




, |z| > 1.
We then obtain:
B (z, a, b) = a−1za 2F1 (a, 1 − b, a+ 1; z)
= a−1za
{
Γ (a+ 1) Γ (1− a− b)
Γ (1− b) Γ (1)
(−z)−a 2F1
(





Γ (a+ 1) Γ (a+ b− 1)
Γ (a) Γ (a+ b)
(−z)b−1 2F1
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and therefore


























, k 6= 2m (m = 0, 1, 2, . . .) (A6)
which can be computed using a continued fraction method (see Press et al. 1992). For situations
when k is close to 2m (m = 0, 1, 2, . . .) we can use the relationship
B (z, a, b) = B (a, b)−B (1− z, b, a) (A7)
to get:
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